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We study the effects of frame-dragging on the structure of force-free magnetospheres around ro-
tating black holes. For slowly rotating black holes, analytic explorations often focus on transforming
an exact force-free solution applicable to a static black hole into a solution approximately applica-
ble to a slowly-rotating black hole via perturbations in black hole spin. We show that the single
perturbed monopolar solution most commonly arrived at using such techniques is in fact a separa-
trix between two broad classes of solutions: those with poloidal magnetic fields that bend upwards
towards the azimuthal axis and those that bend downwards towards the equatorial plane. This is
because frame-dragging affects the toroidal magnetic field distributions, changing the force balance
between poloidal magnetic field lines.
I. INTRODUCTION
In Blandford and Znajek [1] a mathematical procedure
was developed to perturb force-free magnetospheres from
non-rotating to rotating spacetimes. Using that pro-
cedure it was shown that a monopolar magnetic field
around a slowly rotating black hole should rigidly ro-
tate at roughly half the rate at which the horizon ro-
tates, demonstrating that it is possible to efficiently ex-
tract a black hole’s rotational energy via an outgoing
Poynting flux. The magnetosphere parameters associ-
ated with that monopolar solution are often used today
to describe and estimate the expected physical attributes
of an energy-extracting black hole magnetosphere.
What is sometimes missed is that the single monopolar
solution and associated magnetosphere parameters found
by Blandford and Znajek [1] (and extended to higher or-
der in later works such as McKinney and Gammie [2],
Tanabe and Nagataki [3], and Pan and Yu [4]) is based
on a special case of a broader class of monopolar magne-
tospheres applicable to flat spacetimes found by Michel
[5] (that are themselves a subset of a broader solution
space). Specifically, the solution found by Blandford and
Znajek [1] is the result of perturbing around an initially
non-rotating magnetosphere, while the solutions found
by Michel [5] allow for arbitrary uniform rotation (non-
uniform rotation is also conditionally allowed).
From an analytic computational perspective there is
a very practical reason for selecting an initially non-
rotating magnetosphere; the perturbation techniques
used are primarily useful when changes to the structure
of the poloidal field are small [1]. If the changes are not
small then the non-linearity of the equations involved can
lead to large corrections that reduce the utility of a per-
turbative approach. The non-linearity in the equations is
primarily sourced by field line rotation, so assuming van-
ishing initial rotation diminishes the probability of the
emergence of problematic effects (at least in first order
corrections).
In this work we more generally perturb the monopo-
lar magnetospheres of Michel [5] in a manner compati-
ble with the approach of Blandford and Znajek [1] with-
out demanding that the initial magnetosphere be non-
rotating. The non-linear nature of the equations neces-
sarily limits the obtained solutions’ regions of validity,
and should a specific rotational profile be desired dif-
ferent analytic (or numeric) techniques from the some-
what ad hoc ones we employ would likely be more prof-
itable. Nonetheless the solutions obtained are suffi-
cient to demonstrate that more slowly rotating magne-
tospheres (referenced to black hole spin) should be ex-
pected to have poloidal magnetic field lines that bend
upwards towards the azimuthal axis, while more rapidly
rotating magnetospheres should have poloidal magnetic
field lines that bend downwards towards the equatorial
plane (a result compatible with the numerical conclusions
of Thoelecke et al. [6]). The single monopolar (or split-
monopolar) solution found by Blandford and Znajek [1]
and others is a separatrix between those two behaviors,
implying much smaller changes to the structure of the
poloidal magnetic field and therefore more compatibility
with a perturbative approach.
From a mathematical point of view this suggests that
higher-order perturbative explorations of the common
monopolar solution might become problematic if devi-
ations from the separatrix solution emerge, potentially
leading to apparent inconsistencies with a perturbative
approach. Should divergences or other poor behaviors
emerge, they might be understood and corrected by
considering how the solution deviates from the separa-
trix. The separatrix solution might also be more usefully
mathematically interpreted as a rotation-driven selection
from a group of existing solutions instead of the reaction
of a single solution to the addition of spacetime rotation.
From a physical point of view this means that the land-
scape of energy-extracting black hole magnetospheres is
much broader than the single monopolar solution found
by Blandford and Znajek [1] and others might suggest,
and by extension that different rates of black hole energy
and angular momentum extraction might be coupled to
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2global magnetosphere structure. That broader solution
space allows for more flexibility in considerations of as-
trophysical scenarios in which black hole energy extrac-
tion might be relevant. Instead of a single solution with a
fixed rate of energy extraction for a given black hole spin,
the rate of energy extraction may be tuned in a way that
is coupled to magnetosphere structure.
We begin our analysis of the problem in Section II by
stating the general equations and assumptions in use. We
then expand and more generally extend the monopolar
magnetospheres of Michel [5] to Schwarzschild spacetimes
in Section III. In Section IV we arrive at the single ex-
tension of those magnetospheres found by Blandford and
Znajek [1] from a slightly different perspective. We then
solve for a more general case in Section V before dis-
cussing behaviors and error of the solution in Section VI
and concluding.
II. BASIC EQUATIONS AND ASSUMPTIONS
We first assume a stationary and axisymmetric space-
time, expressed in Boyer-Lindquist coordinates as:
ds2 =
(
1− 2mr
Σ
)
dt2 +
4mar sin2 θ
Σ
dtdφ− Σ
∆
dr2
− Σdθ2 − A sin
2 θ
Σ
dφ2, (1)
where m is the mass and a is the angular momentum per
unit mass of the black hole, and:
Σ = r2 + a2 cos2 θ,
∆ = r2 − 2mr + a2,
A =
(
r2 + a2
)2 −∆a2 sin2 θ. (2)
We then assume a stationary and axisymmetric force-free
magnetosphere, such that:
Tα
β
;β = −FαβJβ = Xα = 0. (3)
Here Tαβ is the stress energy tensor, Fαβ is the electro-
magnetic field strength tensor, Jα is the current vector,
and Xα is the momentum flux vector. The condition that
Xα = 0 may be expanded to find (Thoelecke et al. [6]):
4piΣ sin θ
XA
Aφ,A
= −1
2
Σ
∆ sin θ
d
dAφ
(√−gF θr)2
− 1
sin θ
(αFrφ),r −
1
∆
( α
sin θ
Fθφ
)
,θ
+
Gφ
sin θ
(
FrφΩF,r +
1
∆
FθφΩF,θ
)
, (4)
where:
α = gtt + 2gtφΩF + gφφΩ
2
F,
Gφ = gtφ + gφφΩF. (5)
Here the uppercase Latin indices (A) indicate poloidal
(r, θ) directions and a comma denotes a partial deriva-
tive. Stationarity, axisymmetry, and the assumption of a
perfectly conducting plasma (expressed as the vanishing
contraction of the electromagnetic field strength tensor
with its dual) allow us define the field line angular veloc-
ity ΩF as:
Ftr = FrφΩF,
Ftθ = FθφΩF. (6)
This is a statement of the rigid rotation of magnetic field
lines; the toroidal vector potential Aφ (in our coordinate
basis Fαβ = Aβ,α − Aα,β) traces poloidal magnetic field
lines, and under the above conditions surfaces of constant
Aφ coincide with surfaces of constant ΩF.
Stationarity and axisymmetry demand conserved
fluxes of energy E and angular momentum L such that
E = E(Aφ) = (1/4pi)
√−gF θrΩF and L = L(Aφ) =
(1/4pi)
√−gF θr; this in turn demands that the toroidal
magnetic field
√−gF θr and magnetic field line angular
velocity ΩF be conserved (see, eg., Blandford and Znajek
[1]):
√−gF θr = √−gF θr(Aφ),
ΩF = ΩF(Aφ). (7)
If those conditions are not met then Xt 6= 0 and/or Xφ 6=
0 and satisfying XA = 0 in Equation 4 would not yield a
self-consistent Xα = 0 solution.
Equation 4 is insensitive to the sign of the toroidal field,
which is to say insensitive to the inward/outward direc-
tion of Poynting flux. If an ingoing observer on the hori-
zon is to measure finite electromagnetic fields, however,
then the toroidal field must satisfy the Znajek regularity
condition on the horizon (Znajek [7]):
√−gF θr (rH, Aφ) = −
(
r2H + a
2
)
(ΩF − ωH) sin θH
ΣH
AHφ,θ.
(8)
Here ωH = a/2mrH is the angular velocity of the hori-
zon. This regularity condition does not restrict the solu-
tion space in any significant way, as its square is already
present in Equation 4; the only additional information it
offers is which solution for the toroidal field (ingoing or
outgoing Poynting flux) is physically valid on the horizon.
Nonetheless it can still be a very useful simplification of
Equation 4 when the horizon is being considered.
III. SCHWARZSCHILD MONOPOLE
SOLUTION
In this section we arrive, in abbreviated form, at the
monopolar solution found by Michel [5] in the context
of flat space and extended by Blandford and Znajek
[1] to slowly rotating spacetimes. We refer to it as a
“monopolar” solution because the magnetic field in the
poloidal plane is monopolar, but there can be a toroidal
3component of the magnetic field arising from magneto-
sphere rotation.1 A monopolar poloidal magnetic field
around a Schwarzschild black hole may be described by
the toroidal component of a vector potential given as:
Aφ = B0 cos θ. (9)
This yields Fθφ = −B0 sin θ and a magnetic field far from
the black hole that is given by B ∼ (B0/r2)rˆ in standard
orthonormal spherical coordinates. For such a field to be
force-free everywhere, far from the black hole we demand
that (Equation 4 as r →∞):[(√−gF θr)2]′ = B20 sin4 θ (Ω2F)′ − 4B0 cos θ sin2 θΩ2F.
(10)
Here a prime denotes a derivative with respect to Aφ.
Therefore the field line angular velocity as r →∞ can be
specified as an arbitrary function of poloidal angle. Inser-
tion of this condition into Equation 4 shows that it holds
for all radii, including the horizon (as may be intuited
from the coincident symmetry of the spacetime with the
electromagnetic fields), yielding a general solution that
is given by:
Aφ = B0 cos θ,
ΩF = Ω(θ),√−gF θr = B0Ω(θ) sin2 θ. (11)
To arrive at the above we have applied the Znajek reg-
ularity condition of Equation 8 to select the sign of the
toroidal magnetic field, and have used Ω(θ) to denote
the field line angular velocity as an arbitrary function of
poloidal angle. Far from the black hole those electromag-
netic fields may be expressed in standard orthonormal
spherical coordinates as:
B =
B0
r2
rˆ +
B0Ω(θ) sin θ
r
φˆ,
E = −B0Ω(θ) sin θ
r
θˆ. (12)
This field configuration always yields a Poynting flux that
is directed radially inward, consistent with the physical
demand that energy not be extracted from a non-rotating
black hole (enforced by application of the Znajek regu-
larity condition of Equation 8). As such it might be said
that this solution is restricted by conditions at both the
horizon and at spatial infinity. The solutions found by
Michel [5] have uniform rotation, Ω(θ) = Ω0, and Bland-
ford and Znajek [1] perturbed around the static Ω0 = 0
solution.
1 Often such solutions are referred to as “split-monopolar” by
adding reflection asymmetry across the equatorial plane (in order
to make the magnetic field divergenceless when integrated over a
volume enclosing the black hole); such distinctions are irrelevant
for our current purposes, however, and can trivially be addressed
by applying the restriction 0 ≤ θ ≤ pi/2 everywhere.
If Ω(θ) = 1/a sin2 θ then the solution of Equation 11 is
also valid when applied to an arbitrarily rotating black
hole with spin parameter a (Menon and Dermer [8] or
Gralla and Jacobson [9]). Unfortunately such solutions
do not extract a black hole’s rotational energy and can
become problematic near the poles; we note them here
for the sake of completeness but will not address them
further.
IV. PERTURBING TO KERR - MOST
MONOPOLAR
In this section we arrive at the perturbed monopo-
lar solution of Blandford and Znajek [1] using a slightly
different approach in an attempt to elucidate the na-
ture of the solution obtained. Every solution applicable
to a Schwarzchild spacetime found in the previous sec-
tion (Equation 11) is “monopolar” in the sense that the
poloidal magnetic field traces the vacuum poloidal elec-
tric field that would be sourced by a non-rotating black
hole possessing an electric charge of magnitude B0 (we
make this distinction due to magnetic monopoles being
on somewhat weaker footing than electric monopoles).
We now determine which solution(s) remain monopolar
in that sense when extended to a rotating black hole, us-
ing the same general procedure as was used in the previ-
ous section. We begin as before by assuming a monopolar
vector potential, except this time in a form appropriate
to a rotating spacetime with a 6= 0 (which may be de-
rived by taking the standard Kerr-Newman electric field
and converting it to a magnetic field):
Aφ = B0
r2 + a2
r2 + a2 cos2 θ
cos θ. (13)
Far from the horizon we arrive at the same condition on
the toroidal field as was found in the Schwarzschild case
(Equation 10, recast in terms of Aφ):[(√−gF θr)2]′
r→∞
=
1
B20
[
(B20 −A2φ)2Ω2F
]′
r→∞ . (14)
When the spacetime rotates the Znajek regularity con-
dition on the horizon proves to be much more restrictive
than it was in the previous section; instead of simply re-
stricting the sign of the toroidal field, we now also require
that the toroidal field satisfy (Appendix A):
(√−gF θr)2
H
=
1
B20
(ΩF − ωH)2
(
1− a
2A2φ
B20m
2
)
H
·
m2B20
r2H
1 +
√
1− a
2A2φ
B20m
2
2 −A2φ

2
H
.
(15)
4For a slowly rotating black hole, we may proceed by con-
sidering an expansion in black hole spin to find:
(√−gF θr)2
H
=
1
B20
(ΩF − ωH)2
[ (
B20 −A2φ
)2
+
1
B20
(
B20 −A2φ
)3 a2
m2
+O
(
a4
m4
)]
H
. (16)
Here we have assumed that ΩF ∼ O(ωH); if they were of
significantly different order then the inner and outer light
surfaces would not be distinct and the solution would
have diminished physical relevance (assuming black hole
spin different enough from a = 0 to be interesting). Com-
bining this with the condition at spatial infinity (Equa-
tion 14) yields:
Ω2F = (ΩF − ωH)2 +O
(
a4
m4
)
. (17)
Therefore for slowly rotating black holes we have ΩF ≈
ωH/2, the same conclusion Blandford and Znajek [1] and
others have arrived at using slightly different approaches.
Dropping the a4 terms to arrive at that result effectively
reduced the vector potential of Equation 13 to Aφ =
B0 cos θ, the same as in the Schwarzschild case. Should
higher order corrections be desired to explore the more
strictly “monopolar” form of Equation 13 or other effects,
the full expression for ΩF is given by:
ΩF = ωH
χ
χ+
(
B20 −A2φ
) , (18)
where:
χ =
√
1− a
2A2φ
B20m
2
m2B20
r2H
1 +
√
1− a
2A2φ
B20m
2
2 −A2φ
 .
(19)
Taking an expansion in spin on the horizon, the field line
angular velocity is then given by:
ΩF(rH) = ωH
[
1
2
+
a2 sin2 θ
8m2
+
3a4 sin2 θ
64m4
+O
(
a6
m6
)]
.
(20)
The reason for selecting the techniques used in this sec-
tion was to note that the assumption of a specific poloidal
magnetic field configuration followed by solving for com-
patible distributions of field line angular velocity and
toroidal field is exactly what most perturbation tech-
niques do (at least to leading order). This is due to the
fact that if there were significant changes to the poloidal
field a perturbative approach would likely be ill-behaved,
as the non-linear nature of the equations involved (most
prominently sourced by field line rotation) could eas-
ily amplify even small changes to the fields and lead to
higher-order corrections that are comparable in magni-
tude (if not larger) than the unperturbed terms.
At higher orders the solution obtained here differs
slightly from the solutions obtained using other perturba-
tive approaches, although direct comparisons can become
difficult: at higher orders other approaches often sacri-
fice the rigid conservation of field-aligned fluxes of energy
and angular momentum and can have difficulty elegantly
describing the region interior to r = 2m (i.e. the er-
goregion). Nonetheless such solutions are still broadly
compatible with ours, finding Aφ ∼ cos θ + a2 cos θ sin2 θ
(compatible with the assumed monopolar geometry in
Equation 13) and a field line angular velocity ΩF ∼
ωH/2+a
3 sin2 θ (compatible with the expansion in Equa-
tion 20). The differences are primarily due to our ap-
proach of exactly satisfying the force-free condition of
Equation 4 on only the horizon and at spatial infinity,
while perturbative approaches typically seek to approx-
imately satisfy Equation 4 over all space (or at least
between the perturbed horizon and spatial infinity). In
practice that means that our solution has error somewhat
off the horizon near the equatorial region (Appendix A),
while perturbed solutions have error of similar magnitude
but concentrated on and near the horizon.
In summary, when the spacetime is non-rotating a
“monopolar” field may have an arbitrary rotational pro-
file described by ΩF = Ω(θ) (Section III). In this section
we found that the solution that most smoothly transi-
tions to a rotating black hole while remaining largely
“monopolar” is the solution with a rotational profile
given by Ω(θ) ≈ 0.5ωH. In the next section we will ex-
plore how solutions with Ω(θ) 6= 0.5ωH might behave
when extended to rotating spacetimes.
V. PERTURBING TO KERR - GENERIC
BEHAVIOR
In the previous section we found that the monopolar
magnetosphere in Schwarzschild spacetimes that most
closely corresponds to a monopolar magnetosphere in
Kerr spacetimes (in the limit of low black hole spin) is
specified by ΩF = ωH/2. We now explore what might
happen to some of the other ΩF 6= ωH/2 solutions from
Equation 11 when they are extended to slowly rotating
spacetimes. We note from the outset that the results of
the previous section indicate that those extensions might
generally be expected to involve significant changes to
the structure of the poloidal field; they are unlikely to
remain “monopolar” over all space, and as such might
have only limited regions where the concept of a small
perturbation remains valid.
For simplicity we will only consider uniform (constant)
field line angular velocities, expressed as ΩF = xωH, with
x a unitless weighting factor on the angular velocity of
the horizon.
5FIG. 1. Three magnetospheres with Ω0 = 0.45ωHp, Ω0 = 0.5ωHp, Ω0 = 0.55ωHp (where ωHp ≡ a/4m2) for black hole spin
a = 0.3m. The background shading is the percent error of the solutions (Thoelecke et al. [6]). The Ω0 = 0.5ωH solution is a
separatrix between two classes of solutions that can exhibit significant modifications to the structure of the poloidal field when
extended from Schwarzschild to Kerr spacetimes. We have deliberately chosen to extend the domain to include topological
changes to the field (i.e. divergences from monopolarity). In practice those regions are mostly indicative of a breakdown in the
solution, and should be viewed with some suspicion.
We begin by perturbing the metric in spin,2 such that:
ds2 =
(
1− 2m
r
)
dt2+
4ma sin2 θ
r
dtdφ− r
r − 2mdr
2−dΩ2.
(21)
Here dΩ2 = r2dθ2+r2 sin2 θdφ2 and the metric is equiva-
lent to Schwarzschild with the exception of an additional
gtφ component. We then assume that the monopolar so-
lutions’ vector potential gains an additional term when
extended to that slowly rotating spacetime:
Aφ = B0 cos θ + a
2B0R(r)Θ(θ). (22)
We demand an a2 correction here because (as noted in the
previous section) the field line angular velocity is likely
to be proportional to the horizon’s angular velocity if
both the black hole spin and magnetosphere rotation are
physically interesting, and as signed quantities the two
sources of rotation should couple as aΩF ∼ a2/m2.
We next demand that the vector potential near the
horizon remain unchanged, in the sense that the cor-
rection to the vector potential must have R(2m) = 0.
The primary reason for this demand is that a generally
monopolar field close to the horizon is typically more
physically plausible than monopolar behavior further
away. As we expect to find potentially large deviations
2 The results of this section may also be obtained without this
conceit through direct perturbation of the force-free condition
of Equation 4 (Appendix B). We choose a more circuitous route
here and expand the metric and fields separately because doing so
can lead to more illuminating intermediate expressions where the
different sources of rotational effects are more easily separated
and identified.
from monopolarity in some regions for ΩF 6= ωH/2 mag-
netospheres, we choose to directly enforce small changes
to the vector potential compatible with our perturbative
approach in the more relevant near-horizon region.
Next we determine the structure of the toroidal field;
as R(2m) = 0, the appropriate form the of horizon regu-
larity condition is straightforward to evaluate to find (in
terms of the unitless weighting factor x)3:(√−gF θr)2
H
=
gφφ
gθθ
(ΩF − ωH)2A2φ,θ
∣∣∣∣
H
=
ω2H
B20
(x− 1)2 (B20 −A2φ)2∣∣∣∣
H
. (23)
The only remaining task is to evaluate the unknown func-
tions R(r) and Θ(θ) in the vector potential. We do so
by taking ωH = a/4m
2, then considering the appropriate
form of the force-free condition of Equation 4. We then
find that to O(a4/m4) we must have Θ(θ) = sin θ cos2 θ,
and demand that R(r) satisfy (primes denoting deriva-
tives with respect to r):
8m4r (r − 2m)2R′′ + 16m5 (r − 2m)R′
− 48m4 (r − 2m)R = r3 (1− 2x) + 16m3x. (24)
Re-writing this in terms of the variable y = r − 2m and
the unknown function Y (y), we find (primes denoting
derivatives with respect to y):
8m4y (y + 2m)Y ′′ + 16m5Y ′
3 This expression assumes that ρ2ω ≡ g2tφ − gttgφφ vanishes when
r = rH = 2m. For the perturbed metric in use we actually have
ρ2ω(rH) = a
2 sin4 θ, so this should be understood as a perturbed
expression.
6− 48m4Y = (1− 2x) (y2 + 6my + 12m2)+ 8m3
y
. (25)
The 8m3/y term on the right hand side sources undesir-
able logarithmic terms, so we drop it (dropping this term
is also advantageous when excess momentum flux is con-
sidered, as discussed in the next section). Demanding
that Y (0) = R(rH) = 0 we find a general solution of:
Aφ = B0 cos θ − a
2
16m4
B0
9m
(
x− 1
2
)
(r − 2m)
· (44r2 + 13mr + 14m2) cos θ sin2 θ,
ΩF = xωHp,
√−gF θr = 1
B0
(
xωHp − a
4m2
) (
B20 −A2φ
)
. (26)
Here ωHp = a/4m
2; although it has a correspondence to
ωH, ωHp should not be taken to vanish as a→ 0; rather it
should be taken as a convenient description of ΩF once an
a 6= 0 spacetime has been specified. In application the
above solution should be applied with both the metric
and force free condition of Equation 4 in their full form
(ωHp should remain as a/4m
2); the separate perturbed
expressions shown in this section are only used to explain
the considerations used to arrive at Equation 26.
The solution of Equation 26 makes it clear that the
most monopolar x = 1/2 solution found in the previ-
ous section is a separatrix between two different types
of solutions. It also makes it clear that the perturbative
approach used can become problematic; the correction
to the poloidal magnetic field is unbounded as r → ∞
unless x = 1/2. We discuss those outcomes and the error
of the solution in the next section.
VI. ERROR ANALYSIS AND BEHAVIORS
In this section we discuss the error and general behav-
iors of the perturbative extension of arbitrarily uniformly
rotating magnetospheres found in the previous section,
the role of the outer boundary surface, and the bending
behaviors found.
A. General Solution Error
The general solution found in the previous section
(Equation 26) yields an excess momentum flux (Equa-
tion 4) that is given by (ΩF = xωHp):
4piΣ
XA
Aφ,A
= a2B0
2m+ r
mr4
cos θ +O
(
a4
m4
)
. (27)
This form is a reason for dropping the 8m3/y term when
solving for Y (y) in Equation 25; to order a2 the failure
of the momentum flux XA to vanish is then identical for
all magnetospheres (including the standard “first order”
perturbed monopole solution of Blandford and Znajek
[1]). The O(a4) term goes as r3 (as a function of x), so
although the excess momentum flux XA is of comparable
magnitude for all solutions near the horizon, it generally
grows with increasing r for x 6= 1/2 as the vector poten-
tial begins to deviate ever more strongly from its a → 0
monopolar behavior.
A representation of that error is shown in Figure 1 for
three different x values and black hole spin a = 0.3m.
The error is expressed as the full excess momentum flux
XA related as a percentage of the largest term of the
force-free condition in Equation 4 (the exact method used
may be found in Thoelecke et al. [6]). It is apparent that
the percent error of x 6= 1/2 solutions grows in r. As
was shown in Section IV, that is because x = 1/2 is the
solution most compatible with monopolarity at both the
horizon and spatial infinity.
It is also apparent that the topology of the poloidal
magnetic field lines changes for x 6= 1/2. The field lines
that do not intersect the horizon are outside the domain
of the toroidal field as a function of vector potential found
in Equation 23, however, so the exact nature of those
topological changes should be viewed with some suspi-
cion. For the purposes of this work we do not consider
such topological changes to be anything more than an
indication that the perturbation techniques might have
been extended outside a domain of more robust valid-
ity, and we don’t insist upon their existence. Should a
more extensive radial domain be desired we would sug-
gest either consideration of solutions closer to x = 1/2
or the application of other solution techniques before any
attempt to justify such topological changes.
The more robust structural change is the tendency for
the poloidal magnetic field lines to begin bending away
from monopolarity for x 6= 1/2. In Figure 1 we have cho-
sen solutions that exhibit fairly significant bending close
to the black hole; if for whatever reason an outer bound-
ary further from the black hole were desired, those solu-
tions might be problematic. Nonetheless, for any bound-
ary surface located a finite distance from the black hole
there will be a range of field line angular velocities de-
scribed by x = 1/2± that will exhibit the same bending
tendencies while maintaining error comparable to the er-
ror of the standard x = 1/2 solution.
B. Domain Boundary Surfaces
In solving for the force-free magnetospheres around
non-rotating black holes in Section III and the most
monopolar solution in Section IV we applied conditions
at both spatial infinity and the horizon (though spatial
infinity was a mathematical convenience, not a require-
ment; a boundary surface located at finite radii would
lead to the same overall conclusions). The general solu-
tion found in Section V did not apply any conditions at
spatial infinity, however, and as such can have potentially
significant error for some x values at larger radii, which
might lead to that solution being viewed as less robust
7or more erroneous.
That might be true in some instances, but it should be
noted what the solution procedures applied in Sections
III and IV are actually doing: they’re demanding a spe-
cific poloidal field geometry over all space, then finding
conserved fluxes of energy and angular momentum com-
patible with that assumption. While that is a mathemat-
ically useful approach, it tacitly allows the conditions on
an (at least) super-Alfve´nic plasma inflow close to the
horizon to directly feed back and communicate with a
plasma outflow extended to spatial infinity.
There is also a more fundamental problem in extend-
ing the outer boundary to spatial infinity: such mag-
netospheres fairly generically contain infinite amounts of
energy and are not physically realizable. Significantly re-
stricting the conditions on near horizon behaviors using
spatial infinity should therefore be viewed as a potentially
useful mathematical technique or simplification, with the
knowledge that r →∞ is only a stand-in for a more ap-
propriate outer boundary.
Mathematically that boundary might be taken as r 
m or similar, but physical considerations are potentially
more restrictive. One such consideration, as suggested
above, as that the ingoing near horizon magnetosphere
might be expected to be at least somewhat independent
of the more distant outgoing magnetosphere. The sim-
plest example of such a magnetosphere would be a single
spherical surface serving as an outer boundary for an
inflow and inner boundary for an outflow, but that is
not guaranteed. More generally (from a perspective of
physical modeling) one might have an “inner magneto-
sphere” close to the horizon that is connected to a series
of different outer magnetosphere regions (described by
differing physical approximations and/or variables) that
only loosely connect the near horizon region with spatial
infinity (or r  m).
In Blandford and Znajek [1] “spark gaps” and other
mechanisms between the inner and outer light surfaces
are postulated and discussed specifically because condi-
tions on the horizon and distant regions are intrinsically
incompatible without some kind of intermediate joining
mechanism or structure where additional physics (be-
yond the rigid application of stationary and axisymmetric
force-free magnetohydrodynamics) must be considered.
The magnitude of any resultant decoupling of inner and
outer magnetospheres is an open question that will nec-
essarily vary from model to model and magnetosphere to
magnetosphere, but it is clear that in general the horizon
and distant regions cannot be self-consistently connected
by a single, unbroken magnetic field line described solely
by the core assumptions used here and in Blandford and
Znajek [1].
Depending upon the problem being explored, a prac-
tical outer boundary for the inner magnetosphere might
lie somewhere interior to the outer light surface (Mac-
Donald and Thorne [10]), perhaps near the separation
surface (Takahashi et al. [11]). Regardless of the selec-
tion made, however, it is in general somewhat implausible
to expect to directly drive near horizon magnetosphere
behaviors using a single fixed model rigidly extended to
spatial infinity (and vice-versa). Models that do rigidly
connect both regions can nonetheless still be useful, such
as in demonstrating that the single physical assumption
of a force-free magnetosphere can in principle transmit
energy from the horizon to spatial infinity. However, in a
more general exploration of energy-extracting black hole
magnetospheres it is overly restrictive to demand a rigid
connection between the near horizon inflowing magne-
tosphere and an outflowing magnetosphere extended to
spatial infinity.
C. Bending Behaviors
For x < 1/2 (where ΩF = xωHp) we found that field
lines bend upwards towards the azimuthal axis; for x >
1/2 we found that field lines bend downwards towards the
equatorial plane (compatible with the numerical results
of [6]). That behavior is independent of any (finite) outer
boundary selected, although the range of reasonable x
values becomes more restricted as the outer boundary
moves radially outwards.
No matter what outer boundary is selected, however,
if the boundary condition along the equatorial plane (or
other “straight” boundary) is close to being “monopolar”
(i.e. a single magnetic field line tracing the boundary)
then the presence of upward bending field lines in force-
free magnetospheres should not be surprising wherever
ΩF . 0.5ωH and the presence of downward bending field
lines should not be surprising wherever ΩF & 0.5ωH. The
primary question is the exact nature of the bending.
The magnitude of the bending should be expected to
increase with increases in black hole spin, distance from
the horizon, and in deviations from ΩF ∼ 0.5ωH, as
such changes will change the strength of the toroidal
field and/or the distance over which the toroidal field
can force the poloidal field to bend. Numerical exper-
iments in Thoelecke et al. [6] confirm those tendencies.
However we would hesitate to call such tendencies any-
thing more than a potentially useful “rule of thumb”;
additional complications, such as the simultaneous pres-
ence of opposing tendencies (i.e. regions containing both
x < 1/2 and x > 1/2) or the presence of different bound-
ary conditions could break the “rule”.
We are not the first to suggest a general rule coupling
magnetosphere bending behaviors to field line rotation.
In Penna [12] impedance matching arguments were made
using resistive membranes on the horizon and at spatial
infinity (to include surfaces approximating spatial infin-
ity) to suggest that field lines with diverging angular sep-
aration should have ΩF & 0.5ωH and that field lines with
converging angular separation should have ΩF . 0.5ωH.
In other words they also expect ΩF ∼ 0.5ωH to generally
be a separatrix between magnetosphere bending behav-
iors, with a monopolar configuration coinciding with the
separatrix.
8The ability to adjust the bending of magnetic field lines
by adjusting field line angular velocity can add both sig-
nificant flexibility and restrictions when considering black
hole energy extraction. The single “mostly monopolar”
solution originally obtained by [1] provides only a single
rate of energy extraction and angular momentum outflow
in a single fixed direction. By changing field line angular
velocity the rates of energy and angular momentum ex-
traction can be easily modified in way that is coupled to
the direction of their outflow.
The direct formation of jets, for example, might be
aided by more slowly rotating magnetospheres. More
rapidly rotating magnetospheres, meanwhile, might more
easily connect to a nearby accretion disk. Both behav-
iors would diminish the overall rates of energy extraction
while simultaneously enhancing or reducing the rates of
angular momentum extraction, potentially limiting the
timescales over which such magnetospheres might be rel-
evant or applicable.
VII. CONCLUSIONS
It was noted in Blandford and Znajek [1] that solving
for magnetospheres via a perturbation in black hole spin
might be ill-advised unless the poloidal magnetic field re-
mains essentially unchanged. That is a reason why only a
single solution from the general class of monopolar solu-
tions found by Michel [5] is typically treated in analytic
extensions to rotating spacetimes. Although the more
general solution space is more difficult to compute it is
still of physical interest, and indicates that slowly rotat-
ing magnetospheres might be expected to bend towards
the azimuthal axis while more rapidly rotating magne-
tospheres might be expected to bend towards the equa-
torial plane. Attempts to refine the analytic treatment
of the “mostly monopolar” ΩF ≈ 0.5ωH solution might
also benefit from the knowledge that it is a separatrix
between two classes of behaviors, as initially ignorable
deviations from the separatrix might lead to significant
effects as the solution is refined.
The “mostly monopolar” solution has value in that it
simultaneously provides both an inflow near-horizon so-
lution and an outflow solution that can be extended to
spatial infinity. However, there is no requirement that
a near-horizon inflow solution be rigidly coupled to an
outflow solution. In fact almost the complete opposite
is true, and for internal self-consistency inflow and out-
flow solutions must be decoupled to at least some extent.
Disregarding inflow solutions solely because they do not
extend to spatial infinity therefore artificially limits un-
derstanding of black hole energy extraction. There can
be good reasons for desiring such an extension, but ap-
plying such a restriction necessarily limits any solutions
obtained to special cases, just as the “mostly monopolar”
solution is a special case of a more general solution space.
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Appendix A: Explicit Monopole and a Rotating
Black Hole
The toroidal field should be a function of the vector
potential Aφ due to its correspondence with a conserved
flux of angular momentum from the assumption of ax-
isymmetry. In this Appendix we solve for that function
in detail if the poloidal magnetic field on the horizon is
specified as an explicit monopole. A monopolar vector
potential is given by (Equation 13):
Aφ = B0
r2 + a2
Σ
cos θ. (A1)
Here Σ = r2+a2 cos2 θ, and with At = −B0a cos θ/Σ the
vector potential would describe the vacuum solution of
a black hole possessing a magnetic charge of magnitude
B0. On the horizon the toroidal magnetic field is given
by (Equation 8):
√−gF θrH = −
(
r2H + a
2
)
(ΩF − ωH) sin θ
ΣH
AφH,θ
= − (ΩF − ωH) Aφ tan θ
B0
AφH,θ. (A2)
9FIG. 2. The percent error (Thoelecke et al. [6]) of a monopo-
lar vector potential (Appendix A1, Section IV) with black
hole spin parameter a = 0.5m. The error is largest near the
equatorial plane around r = 2m, but vanishes along the hori-
zon and as r →∞. The increase near the equatorial plane is
a result of the field line angular velocity there being too large
(ΩF & 0.5ωH) to be completely compatible with a “straight”
magnetic field line. Standard perturbed monopole solutions
have errors of similar magnitude, but concentrated on and
near the horizon.
In order to express this purely in terms of Aφ we first
evaluate Aφ,θ to find:
Aφ,θ = B0
(
r2 + a2
)(2a2
Σ2
sin θ cos2 θ − 1
Σ
sin θ
)
= Aφ
(
1− 2r
2
Σ
)
tan θ. (A3)
Therefore the toroidal field on the horizon is given by:
√−gF θrH = −
1
B0
(ΩF − ωH)
(
1− 2r
2
H
ΣH
)
A2φH tan
2 θ
= − 1
B0
(ΩF − ωH)
(
1− 2r
2
H
ΣH
)
·
[(
2mrHB0
ΣH
)2
−A2φH
]
. (A4)
To proceed further we require an expression for Σ(Aφ) on
the horizon; from the expression for Aφ given in Equation
A1 we find:
A2φ =
B20
Σ2
(
r2 + a2
)2 Σ− r2
a2
. (A5)
Solving for 1/Σ, we find:
1
Σ
=
1
2r2
(
1±
√
1− 4 a
2r2A2φ
B20 (r
2 + a2)
2
)
. (A6)
Taking the relevant positive branch and evaluating along
the horizon, we find:
2r2H
ΣH
= 1 +
√
1−
(
aAφH
B0m
)2
. (A7)
We insert this expression into the horizon condition on
the toroidal field to conclude that:
√−gF θrH =
1
B0
(ΩF − ωH)
√
1−
(
aAφH
B0m
)2
·
m2B20
r2H
1 +
√
1− a
2A2φH
B20m
2
2 −A2φH
 .
(A8)
In Section IV this is used to calculate the field line angu-
lar velocity (Equation 18) for a monopole by comparing
the above condition to the condition on the toroidal field
at spatial infinity. The resultant field line angular ve-
locity on the horizon goes as ΩF(rH) ∼ ωH(0.5 + sin2 θ)
(Equation 20). The relatively significant deviation away
from ΩF ≈ 0.5ωH near the equatorial plane is generally
incompatible with a “straight” magnetic field line in the
poloidal plane, leading to error near the equatorial plane
for median values of r (Figure 2). The first step towards
eliminating such error might be to explicitly add more
“bunching” of field lines near the azimuthal axis; such
bunching is observed when finding solutions numerically
(eg. [6]), and is discussed in more detail in Gralla et al.
[13].
Appendix B: Alternative Perturbation
In this Appendix we solve for the generic perturbed
solution found in Section V by more directly considering
the force-free transfield equation (Equation 4). We first
note that the most monopolar solution of Section IV may
be expanded in spin (as originally arrived at by Blandford
and Znajek [1]) to find:
Aφ = B0 cos θ,
ΩF =
1
2
a
4m2
,
√−gF θr = −B0 a
8m2
sin2 θ
= − 1
B0
a
8m2
(
B20 −A2φ
)
. (B1)
In other words (at least to leading order) the reaction
of the initially non-rotating magnetosphere to the addi-
tion of spacetime rotation is to develop outward fluxes
of energy and angular momentum while maintaining the
same poloidal magnetic field structure. This solution
may be placed into the force-free transfield equation to
find its corresponding excess momentum flux (defining X¯
as X¯ ≡ 4piΣ sin θXA/Aφ,A):
X¯ = −1
2
Σ
∆ sin θ
d
dAφ
(√−gF θr)2 − 1
∆
( α
sin θ
Aφ,θ
)
,θ
=
2B0Σ
∆
( a
8m2
)2
cos θ sin θ
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+
B0
∆
[
gtt,θ + 2gtφ,θ
( a
8m2
)
+ gφφ,θ
( a
8m2
)2]
. (B2)
The division by zero divergence of this expression on the
horizon (∆ = 0) is the result of failing to satisfy the
square of the Znajek regularity condition of Equation 8,
which is intrinsic to the transfield equation. The metric
elements gtt, gtφ, and gφφ may be expanded in spin to
find:
gtt = 1− 2m
r
+
2m cos2 θ
r3
a2 +O (a4) ,
gtφ =
2m sin2 θ
r
a+O (a3) ,
gφφ = −r2 sin2 θ − r + 2m sin
2 θ
r
a2 sin2 θ +O (a4) .
(B3)
If we discard the metric elements of order a2 and higher
(taking Σ = r2), the excess momentum flux becomes:
X¯ ≈ 2B0r
2
∆
( a
8m2
)2
cos θ sin θ
+
B0
∆
[
8ma
r
( a
8m2
)
− 2r2
( a
8m2
)2]
cos θ sin θ
=
B0
∆
a2
mr
cos θ sin θ. (B4)
This excess momentum flux is due entirely to the gtφ,θΩF
term. If we also include the order a2 term in gtt, we arrive
at (taking ∆ = r2 − 2mr):
X¯ =
B0
∆
[
−4ma
2
r3
cos θ sin θ +
a2
mr
cos θ sin θ
]
+O (a4)
= B0
2m+ r
mr4
a2 cos θ sin θ +O (a4) . (B5)
This is compatible with the excess momentum flux re-
ported above when discussing error in Section VI (Equa-
tion 27). We have belabored the above in order to suggest
that perturbative approaches applied to the problem of
black hole magnetospheres can have philosophical differ-
ences. For example, the fundamental perturbation might
be taken to be the transfield equation, such that a some-
what inconsistent perturbation in the metric and fields
(as above, where the second-order correction to gφφ is
irrelevant) is acceptable. Alternatively, the metric might
be taken as the fundamental perturbation, with (for ex-
ample) only terms of order a2 kept in the metric, and the
fields adjusted in whatever manner might be useful in or-
der to find a vanishing momentum flux under application
of that perturbed metric.
In this work we largely followed Blandford and Znajek
[1] and took the transfield equation to be the fundamental
perturbation. However, when studying the equations in-
volved it can sometimes be more illuminating to consider
alternative approaches. In light of that, we took a hybrid
approach in Section V when exploring the behavior of
arbitrarily rotating magnetospheres. We first perturbed
the metric in spin, then selected the well-behaved elec-
tromagnetic fields corresponding to that metric. When
exploring the error of that solution in Section VI, how-
ever, we took the approach used to arrive at Equation
B5, which is to say we treated the transfield equation as
the fundamental perturbation.
We will now arrive at the same generically rotating
solution found in Section V without applying a hybrid
approach. We begin by taking the unperturbed fields
around a non-rotating black hole to be given by:
Aφ = B0 cos θ,
ΩF = x
a
4m2
,
√−gF θr = 1
B0
x
a
4m2
(
B20 −A2φ
)
. (B6)
Here x is a unitless weighting factor and a is arbitrary,
though it will be taken to correspond to the spin of the
rotating black hole (such that the inner and outer light
surfaces can be taken to be distinct for x values of order
1). We now wish to solve for the structure of the fields
under the constraint that the conserved field line angular
velocity along each field line remains the same. Follow-
ing identical logic to that applied in Section V (which is
insensitive to the metric used under the transformation
2m→ rH) we then assume that leading order corrections
to the fields are given by:
Aφ = B0 cos θ + a
2B0R (r) Θ (θ) ,
ΩF = x
a
4m2
,
√−gF θr = 1
B0
(
x
a
4m2
− a
4m2
) (
B20 −A2φ
)
. (B7)
Inserting those fields into the transfield equation, we find
(keeping only terms of order a2, and taking advantage of
the calculations done above for the monopolar case):
X¯ = −1
2
Σ
∆ sin θ
d
dAφ
(√−gF θr)2
− 1
sin θ
(αAφ,r),r −
1
∆
( α
sin θ
Aφ,θ
)
,θ
=
2B0Σ
∆
(1− 2x)
( a
4m2
)2
cos θ sin θ
+
B0
∆
2xa2
mr
cos θ sin θ − 4B0ma
2
∆r3
cos θ sin θ
− B0
sin θ
Θ(θ)a2
[(
1− 2m
r
)
R′(r)
]
,r
− B0
∆
R(r)a2
[(
1− 2m
r
)
Θ′(θ)
sin θ
]
,θ
. (B8)
We can now note two things. First, we would prefer that
Θ(θ) ∼ cos θ sin2 θ such that all terms have the same θ
dependence. Second, the only a2 correction to the metric
to survive is the same as was used above, the correction
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from gtt that is independent of x. If we demand that the
error (in terms of the excess momentum flux) of the gen-
eral solution match the error of the monopolar solution
to order a2, then we must have:(
r2
8m4
− 1
mr
)
1− 2x
r2 − 2mr −
[(
1− 2m
r
)
R′(r)
]
,r
+
6R(r)
r2 − 2mr
(
1− 2m
r
)
= 0. (B9)
Making the variable substitution y = r − 2m for a func-
tion Y (y), this becomes:
y
y + 2m
Y ′′(y) +
2m
(y + 2m)
2Y
′(y)− 6
(y + 2m)
2Y (y)
− y
2 + 6my + 12m2
8m4
1− 2x
(y + 2m)
2 = 0. (B10)
This is compatible with Equation 25, arrived at through
different considerations in Section V. The primary differ-
ence is that in Section V we ignored the order a2 term in
gtt and did not add in a term related to gtφ in order to ex-
plicitly force the errors of the solutions to match. Instead
we dropped an undesirable logarithmic source term from
the differential equation, ultimately finding that doing so
resulted in exactly matching error.
Our basic goal was to find arbitrarily uniformly rotat-
ing magnetospheres with error comparable to the widely
known first-order corrections to a monopolar magnetic
field found by Blandford and Znajek [1] (from the same
philosophical perspective of treating the transfield equa-
tion as the primary perturbation). Ultimately, however,
we are perturbing magnetospheres that already possess
rotation and angular momentum fluxes, so in a general
perturbation in black hole spin it is not entirely obvi-
ous that any two factors of a are truly comparable (or
simultaneously vanish as black hole spin vanishes). As
such, in Section V we took a hybrid approach that at-
tempted to emphasize that it might be more appropriate
to consider a slowly rotating spacetime as a distinct per-
turbation, from which appropriate electromagnetic fields
should be calculated in whatever manner might be most
convenient.
As a final concluding remark, for the sake of complete-
ness we should point out that Blandford and Znajek [1]
did include a correction to Aφ in order to eliminate the
remaining order a2 error shown in Equation B5. That
correction is common to our solution (essentially a par-
ticular solution of Equation B9 with x = 1/2 and the
order a2 error as a source term). We have suppressed
that correction as being uninteresting. It is sourced by
corrections to the metric that are only relevant inside the
ergosphere and as such falls off at large radius, which can
be seen by taking the limit r  2m in Equation B9 with
the error of Equation B5 as a source term:
R′′(r)− 6
r2
R(r) =
1
mr3
. (B11)
Solving, one can conclude that R(r) ∼ 1/4r, which as
expected isn’t significant outside the ergosphere. If the
full correction is nonetheless desired, it may be written
as:
RCorr = − 1
m4
[
m2 + 3mr − 6r2
12
ln
( r
2m
)
+
11m2
72
m3
3r
+
mr
2
− r
2
2
]
−
(
2r3 − 3mr2
8m5
)[
Li2
(
2m
r
)
− ln
(
1− 2m
r
)
ln
( r
2m
)]
, (B12)
where Li2 is the dilogarithm, defined as:
Li2(x) =
∫ 0
x
1
t
ln (1− t) dt. (B13)
The addition of the above correction to the vector poten-
tial might in some sense be more mathematically correct,
but offers no real physical insight into the problem. We
have therefore ignored it, as it would only serve to obfus-
cate the more fundamental behaviors involved and com-
plicate the application of the solution to spatial regions
interior to r = 2m.
